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ABSTRACT

We study the discreteness of the spectrum of Schrédinger operators which
are defined on a class of radial N-dimensional rooted trees of a finite or
infinite volume, and are subject to a certain mixed boundary condition.
We present a method to estimate their eigenvalues using operators on a
one-dimensional tree. These operators are called width-weighted oper-
ators, since their coefficients depend on the section width or area of the
N-dimensional tree. We show that the spectrum of the width-weighted
operator tends to the spectrum of a one-dimensional limit operator as
the sections width tends to zero. Moreover, the projections to the one-
dimensional tree of eigenfunctions of the N-dimensional Laplace operator
converge to the corresponding eigenfunctions of the one-dimensional limit

operator.
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1. Introduction

Let T7 be a one-dimensional infinite tree. We assume throughout this paper that
T) is a radial regular tree (see Definition 2.1 and Remark 1.1). For N > 2, we
also consider an e-inflated tree T, around 77 which is an /N-dimensional offset
(or inflation) of T;. See Figure 1 for illustrations of one and two-dimensional
trees.

We prove e-dependent estimates for the spectrum of the eigenvalue problem
(1.1) Leuw = —Au+ Wrgu = A u,

subject to the Neumann boundary condition on 0T, except on the root and the
ends of the tree, where we impose the Dirichlet boundary condition. We assume
that Wre is a (real) bounded and continuous potential on T5,. Specifically, we
show that if Ty, has a finite radius, then under some further assumptions the
spectrum of L. is discrete and the eigenvalues of the Schrodinger operators L.
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Figure 1. An example of one and two dimensional trees.

A. One-dimensional tree. B. Two-dimensional tree presented
in R2. Some of its triangle connectors and rectangle edges are
emphasized.

satisfy A\ — p; as e — 0, where p; are the eigenvalues of the following weighted
Schrédinger operator on T

1
(1.2) Lu (pu") + Wru = pu.

oo
Here p > 0 is a weight function on T defined in terms of the inflation T, and
W, is the cross section average of WTfV-

The spectral behavior of the Neumann Laplacian and Schrodinger operators
on thin domains has been extensively investigated. Indeed, in [22], Rubin-
stein and Schatzman studied the relation between the spectral properties of the
Laplace operator defined on a metric graph G and on a strip shaped domain G*
of width € around G. The results of [22] on the spectrum of the Laplacian can-
not be applied to our trees because of the following essential differences between
the problems:

(1) Rubinstein and Schatzman treat the case in which the graph G has a
finite number of vertices, while our tree 77 has an infinite number of
vertices.

(2) They consider graph-surrounding domains having a constant (uniform)
width. In the case of an infinite trees, the discreteness of the spectrum
imposes that the width of higher branches of the tree must be scaled.

(3) In particular, the inflated finite graph is of a finite volume, while our
inflated infinite tree may have an infinite volume.
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In [9], Kuchment and Zeng extended the results in [22]. For example, the con-
ditions on the smoothness of the boundary of the domain near the vertices were
relaxed and the constant width of the surrounding domain was not assumed.

Since T3 in our case is an infinite tree, the results of [9, 22] do not apply in
our setting. Nevertheless, we were able to modify the approach in [22] to obtain
similar results in the infinite case. In particular, we could not compare directly
the eigenvalue A: to ;. Instead, we find it more convenient to compare the
spectra of —A + WTﬁz on T, to the Schrodinger operator on 77 subjected to
a pair of e—dependent weight functions pi ., p2,c, satisfying p1c,p2. — p as
¢ — 0, and an e-dependent potential Wr, .. We, therefore, replace (1.2) by

Lou:=— (pr.eu) + Wru = psu,

p2,a

and prove that A is approximated, on the one hand, by p while the latter is
approximated by p; for € small.

Spectral properties of Schrédinger operators defined on infinite one-dimensi-
onal metric trees and graphs have also been intensively studied. In [4], Carlson
shows that if GG is a connected metric graph which has a finite total edges length
(a finite volume), then the Laplacian defined on G has a compact resolvent and
therefore a discrete spectrum. Solomyak and Naimark have developed general
tools for studying spectral properties of Schrédinger operators on metric graphs
and trees (see, for example, [14, 15, 23, 24]). In [23], Solomyak has proved that
if Ty is a regular tree whose radius is finite, and if Wr, (z) is a radial measurable
real valued function which is bounded below, then the spectrum of L is discrete.

Solomyak’s result is stated for trees of uniform weight function p and its proof
relies on the monotonicity of g, where g(¢) is the number of branches which
contain points of distance ¢ from the root. In fact, to adjust Solomyak’s proof
for our case, one needs to assume only that gp is a monotone nondecreasing.
If p is constant then it is a natural assumption, but if p(t) is decreasing (as in
our case), this monotonicity may be violated. So, we extend this result under
a milder condition on gp.

We prove the discreteness of the spectrum of Schrédinger operators on regu-
lar N-dimensional trees with infinite volume, as long as the tree radius is finite.
Our proof relies on a lemma of Lewis [11, Lemma 1]. The proof of the discrete-
ness in the N-dimensional case can be applied also to show that the L?-norm
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of functions which are bounded in H}(T%) does not accumulate at the tree
connectors or ends.

A natural question emerging from the correspondence between the eigenval-
ues of N-dimensional Laplace operator, and one-dimensional width-weighted
operators, is whether the corresponding eigenfunctions present the same con-
vergence behavior. In [7, 8], Kosugi has proved that solutions of (semilinear)
elliptic equations on finite N-dimensional trees indeed converge as the width
tends to zero to solutions of width-weighted equations. We present a different
method and prove that certain projections of eigenfunctions of the Laplace op-
erator on Ty, converge to the corresponding eigenfunctions on 77. In contrast to
[7, 8], we treat infinite trees rather than trees with a finite number of vertices.
In addition, our assumptions on the smoothness of the connectors are much
weaker than those in [7, 8], and in fact, we require only that the connectors
have a Lipschitz boundary.

Remark 1.1: Our method applies to more general setting. But to facilitate the
presentation, we restrict our study in the present paper to the case where T} is
a radial regular metric tree (see Definition 2.1), and the inflated N-dimensional
tree is a radial tree with ‘cylindrical’ edges.

We wish to mention three more articles which study the spectrum of thin
domains. In [10], Kuchment and Zeng studied the dependence of the spectrum
of the Neumann Laplacian on the behavior of the surrounding thin domain near
the vertices. They found differential operators on the graph which correspond
to the case in which the neighborhoods of the vertices are much larger or much
smaller than the tubes connecting them.

In [5], Evans and Saito proved results about the connection between the
essential spectrum of the Neumann Laplacian on thin domains surrounding trees
and the essential spectrum of their skeletons. They apply their results on horns,
spirals, “rooms and passages” domains and domains with fractal boundaries.
In our case the essential spectrum is empty, as was mentioned above.

Finally, the referee of the present paper kindly drew our attention to a recent
paper by Post [18]. In this paper the author considers a family of noncompact
manifolds X, (graph-like manifolds) approaching a noncompact metric graph
Xo. Under some uniformity assumptions, convergence results of the related
natural operators, namely the (Neumann) Laplacian Ax, and the generalized
Neumann (Kirchhoff) Laplacian Ax, on the metric graph are established. In
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particular, the norm convergence of the resolvents, spectral projections and
eigenfunctions are proved. As a consequence, the essential and the discrete
spectrum converge as well.

The motivation for our problem is that fractal structures, and in particular,
fractal tree-like structures, have a vast applications range. For example, fractal
geometry is used in order to form antennas, which present a multi-band behavior
(see [1, 20]). In [19], Puente et al. state that fractal tree shaped antennas have a
denser band distribution than previously reported Sierpinski fractal antennas.
Estimating the eigenvalues of the Laplace operator defined on such domains
may help in specifying the natural transmission frequencies for the antennas.

Another applications field for fractal geometry is medical modelling. Nelson
et al. mention in [17] that fractal models can be applied to human lungs, vascular
tree, neural networks, urinary ducts, brain folds and cardiac conduction fibers.
Fractal models of human lungs can be found also in [12, 16, 25].

The outline of this article is as follows. In Section 2, we present the basic
notations we use, describe the class of trees we are interested in, and define the
operators on the trees. Section 3 is devoted to the study of the behavior of
H'-functions near the vertices. In Section 4, we prove the discreteness of the
spectrum of Schrodinger operators on T and T . The convergence (as ¢ — 0)
of the spectrum of {L.}, the operator sequence defined on T}, to the spectrum
of the limit operator L is proved in Section 5.

In sections 6.1.1 and 6.1.2 we define transformations between Hg(Tx) and
H017 o (Ty) and prove comparison theorems for the Rayleigh quotients of the
one and N-dimensional operators. In Section 6.2, we use these comparison
theorems to characterize the behavior of the spectrum on Ty. Finally, the
convergence of projections of N-dimensional eigenfunctions of Laplace operator
to eigenfunctions of the one-dimensional width-weighted operators is proved in
Section 7.

2. Preliminaries

2.1. GENERAL NOTATIONS.

(1) Throughout the article, ¢, c1,¢a,... and C denote constants, whose ex-
act values are irrelevant, and may change from line to line.

(2) Let {a;} and {b,;} be positive sequences. We denote a; =< b;, if there
exists a constant ¢ > 0 such that ¢! < a;/b;j < cforall j € N. We use
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(3)

a similar notation for positive functions, i.e., we denote f < g, if there
exists a constant ¢ > 0 such that ¢! < f(z)/g(z) < ¢ for all z in the
domain of the functions f and g.

For a domain 2 C R, we denote by || its volume in RY.

2.2. THE TREE T;.

(1)

(9)

(10)

T, is a one-dimensional connected rooted metric tree. It contains an
infinite number of vertices v, connected by edges e.

The root O of T} is a distinguished (and unique) vertex. Its generation
number is defined to be zero.

A vertex of Ty is of generation j if it is connected to the root by a
succession of j edges. The generation of a given vertex v is denoted by
gen(v).

Likewise, e is an edge of generation j if it connects a pair of vertices of
generations j and j + 1, respectively. The generation number of a given
edge e is denoted by gen(e).

The Euclidian length of an edge e is denoted by |e|.

The branching number of a vertex v is denoted by k(v). It is the
number of edges connecting v to the vertices of generation gen(v) + 1.
The set of all edges meeting at a vertex v is N'(v). There are exactly
k(v) + 1 edges in N (v).

The distance dist(z,y) between x,y € T is the Euclidian length of the
shortest path on T3 connecting x to y. We denote |z| := dist{O, x}.
g(t) is the counting function of Ty, namely, g(¢) is the number of
edges which contain a point x € Ty with |z| = ¢.

R(Ty) := sup,cp, |¢| is the radius of Ty. L(T1) := )
length of T;.

cer, lel is the

Definition 2.1: Ty is called radial if the length |e| of each edge e and the branch-
ing number k(v) of each vertex v depend only on gen(e) and gen(v), respectively.

A radial tree is called regular if k(v) = k for any vertex v # O, where k is a

constant (so, the branching number is independent of the generation).

ASSUMPTION 2.2: Throughout the paper, we assume that 77 is a radial regular
tree (see Remark 1.1).
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2.3. THE e-INFLATED N-DIMENSIONAL TREE. The tree T defined above is, in
fact, a combinatorial object, but we always treat it as a metric tree or quantum
graph. We shall now describe a way to construct an N-dimensional noncompact
manifold T with a Lipschitz boundary (except at the tree’s ends) which is an
e-inflation of T7.

(1) A Lipschitz domain Q C RY¥~! is given. It corresponds to the (scaled)
cross section of the edges. We take the origin of RV ~! to be an interior
point of 2, called the center of €.

(2) A Lipschitz domain V' C R¥ is given. It corresponds to the (inflated)
vertices. We take the origin of R to be an interior point of V, called
the center of V. For § > 0, the notation 42 stands for the scaled
domain §Q := {0x: z € Q}. Similarly 6V := {dz: z € V}.

(3) Fix 0 < ¢ < 1, this number is the (widthwise) contraction factor
along the N-dimensional tree (see also (9) below). By € > 0, we denote
an independent inflation parameter of the N-dimensional tree.

(4) We assume that the boundary of V' contains k41 disjoint (flat) sections:
One of these sections is an isometric image of €2, denoted by Sy. The
other k sections are isometric images of 0€2, and denoted by Sy, ..., Sk.

(5) The orthogonal projections of the center of V' into Sy and S; C 9V for
1 < j < k coincide with the isometric image of the centers of Q and §£2,
respectively.

Finally, we define the inflated tree T, of dimension N > 2. For illustrative
purpose, we may consider a certain embedding of T; into R™, where m > N.
The embedding of T7 and T, into R™ aims to prevent overlapping of the tree’s
parts. However, such an embedding is nonessential, and the inflated tree T'5
should be considered as an N-dimensional manifold.

As we explain below, our tree T is determined by 7j, the choice of the
inflated vertex V, the fixed (widthwise) contraction factor § along the tree, and
the independent inflation parameter € > 0.

(6) For each vertex v in the embedded tree Ty, the inflated vertex is an
isometric image of V¢ (v) := £§8°"(")V whose center coincides with v.

(7) Each edge e € M (v) is perpendicular to S¢(v), where S¢(v) is the iso-
metric image of the section of V¢ (v) intersecting the edge e.

(8) The skeleton of V<(v) is V" (v) := V= (v) N T}.
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Figure 2. Notations of parts of T and T5%.

(9) For each edge e of the embedded T7, the inflated edge is

Thus, ¢ is indeed the widthwise (section) contraction factor of T.

Ef(e) :=ex Si(v) \ U, VE(v) .

(10) The skeleton of E<(e) is E (&) := E=(e) N T}.
(11) The tree T% is obtained by gluing all the inflated vertices V¢(v) and the
inflated edges E<(e), where e € N'(v), along the corresponding sections

S¢(v) in a natural fashion.

An inflated 3-dimensional tree is depicted in Figure 2.

289

A somewhat degenerated example of an inflated tree is the straightened

tree, which we denote by TN. We use TN as a canonical representation for T

in Section 4.2.

Definition 2.3 (The straightened tree): Recall that in general, the inflated tree
T% is determined by T, the inflated vertex V', the fixed (widthwise) contraction
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ININ

N

Figure 3. The straightened tree, T for k = 3,N =3.

factor 6, and the inflation parameter €. Let € = 1. For the straightened tree
T, the inflated vertex V is given by the cylinder {2 x (0,—1), together with
the section Sy := € x {0} on the top of ‘7, and k disjoint isometric copies of
(k)*l/NQ x {—1}, corresponding to the sections Sy, ..., Sk, that cover (with
their boundaries) the base 2 x {—1}. The length of each generation of Ty is
equal to the length of a corresponding edge of T1, so, Tn € QO x R. A three-
dimensional straightened tree is depicted in Figure 3. The above condition
implies that Q) is a box in RN of a certain type which depend on k£ and N.
Indeed, take a box ) whose sizes are (1, kYN 2N k(N_l)/N), then k copies
of (k)_l/ NGO exactly cover Q. So, for this model the scaling factor § is determined
by the branching number k. Namely, § = (k)*l/ N We may of course consider
also other tilings.

COROLLARY 2.4: The straightened tree Tn can be parameterized by the cylin-
der Q x R, where R is its radius (see Figure 3).
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2.4. CROSS SECTIONS AND FUNCTIONS ON 77 AND T5. There is a natural
coordinate system on each of the edges E°(e) C TS, namely & € E°(e) C
T%, is parameterized as £ = x = (§,0), where § is a parameterization of the
corresponding perpendicular section S, in €, scaled by £§2°*(¢) and 6 is a
parameterization of e\ |J, V" (v). We can also use the natural parameterization
of V, scaled by £6%°™(¥) | to describe the coordinate system in the inflated vertex
VE(v). We always take the center of V=(v) as the origin 0 € V.

(1) We denote by f, the restriction of a function f on 7j to an edge e. In
most cases we omit this notation and write simply f instead of fe.

(2) The function p* is defined on Ty by p! = §(N—1een(e)|q,

(3) Let f be a function on Th. We denote by f¢ the following rescaling of
fonTy:

. s f(97§/€) = (eﬂg‘) GEE(G),
f’S xr) = fT]% xT) =
) ) f[(@/e) T eVE(v),

(4) The total cross section of T is defined for ¢t € T7 C Ty as H(t) =

g(t)p*(t), where g is the counting function of the skeleton T3 of Ty and
p* as defined in (2) above.

2.5. FUNCTION SPACES.

(1) Let p > 0 be a measurable (weight) function on T;. Denote
Ly ,(Th) = {f: f is measurable on 77 and / |f1?pdo < oo}.
T

The space Ls ,(T4) equipped with the inner-product (f, g), := lefgp do
is a Hilbert space with the induced norm || - [|rz(z,).

(2) CY(Ty) is the space of continuous functions f on Tj, such that f. €
Cl(e) for each edge e. Let p > 0 be a measurable function on Tj.
H ; (T1) is the completion of the space

{feCl(Tl): > (|(fe)'|2+|fe|2)ped9<oo}

ecT, V€

with respect to the norm

1/2
iy = | & [ U7 +152) pea0]

ecTy €
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(3) Hg ,(T1) is the completion in H(T}) of C§(T1). For the weight function
p*, we abbreviate Hg ,(T1) := Hg ,- (T1).
(4) H(Ty) is the completion of the space

{recians [ (vrr+imr)ax<oc]
Tn

with respect to the norm || f|| g1 (ry) := [ [7, (IVFI* + |f|2)dx}1/2.

(5) We say that a function f on Ty has a generation-finite support in
Tn if there exists a generation jy such that f = 0 in all generations
J = Jo

(6) H}(Ty) is the completion in H'(Ty) of all functions in C*(Ty) which
satisfy floxq, = 0 and have a generation-finite support.

2.6. LAPLACE AND SCHRODINGER OPERATORS ON T AND 7. We define a
family of operators on T} using the standard definition of operators on T (see
[22, 23]).

Let W € L*°(T1) be a bounded real valued potential, and let p, and pg be
positive bounded L{, _(T%) weight functions, which satisfy p, =< ps. In particu-
lar, Hy , (T1) and Hg , (T1) are equivalent in the sense that u € Hg , (T1) if
and only if u € Hj ps(T1), and there exists a constant ¢ > 0 independent of u

such that
1
EHUHH&M(E) < ”U”H(%’PB(Tl) <cllulla, (m)-

We denote by

E(u,v) := Z / [Z—;(ue)’(ﬁe)/ + Wueﬁe} ppdt

ecT €

the bilinear form on Hg , (Th) x Hg , (T1). Without loss of generality, we
may assume that £ > 0 on C§(T1), so, E is a symmetric and nonnegative
closed bilinear form, and Hg , (T1) is dense in L2 _(T1). By Friedrichs’ extension
theorem (see e.g. Theorem X.23 in [21]) or the First Representation Theorem
(see Theorem VI.2.1 in [6]), there exists a unique self-adjoint operator L, 5 such
that Dom(Ly,5) € Dom(E) and E(u,v) = (La,gu,v),, for all u € Dom(Lq,g)
and v € H&pﬁ (T1). By this theorem, the domain of L, g is given by:

Dom(La,s) = {u € Hy ,,(T1): |E(u,v)| < C|\u||L§ﬂ(Tl) Vv € Hy ,,(T1)}
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for some constant C. Moreover, it is well-known (see e.g. [22]) that the domain
of L, is contained in the space of all functions u satisfying the following
Kirchhoff conditions:
(1) w is continuous at the vertices (since H&pﬁ c C(Th)).
(2) Dcen(v)(Pa)e(ue(v))” =0 in each vertex v € T1.
We will call operators of this form width-weighted operators, because we
will use them for weights p, and pg which are closely related to the width or

section area of Th. Similar operators are also presented by Evans and Saito
in [5].

Remark 2.5: The domain of the operator L, g is clearly dense in Hol,p for p = pq
or p = pg.

Finally, the Laplace operator on the tree T is defined by the Friedrichs’
extension of the quadratic form
(2.1) En(u,w) := Vu -V dx,
Tn
for u,w in the space Hg(Tn) (see the definition of H}(Ty) in Section 2.5 (6)).

3. Behavior of functions near the vertices

Here we concentrate on a neighborhood of a vertex (resp., an inflated vertex)
in Ty (resp., T%). For T1, we shall consider the skeleton Vg(v) corresponding to
a vertex v, as defined in Section 2.3 (8). We shall also denote the “canonical”
skeleton, corresponding to ¢ = 1, by V(v). Occasionally, we shall omit the
reference to a particular vertex v and just denote it as V. The end points of
V(v) are denoted by p., where e € N(v) (see Figure 2). Recall that p*, as
defined in Section 2.4 (2), is a positive weight function on T7, which is constant

on each edge.
(1) For each edge e € N(v) define a nonnegative function ¢ € C*(V)
such that 1) (pe) = 1 and 9.y (pe) = 0 for € # e. We also assume that
(3.1) > Y =1 on V().
eEN (v)
If the skeleton V is scaled by § > 0, s0 V — 6V := {59: AS V}, where

the vertex v is taken as the origin, then % is scaled into w?e) (x) =
Y(e)(2/0) for any x € §V.
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(2) Let V be the “canonical” inflated vertex defined in Section 2.3 (2). We
choose a family of nonnegative functions ¢, € C*(V)NC(V) such that

1 6(x) €S,
P(e)(x) = i
0 6(x) € Se, where é # e,
and
(3.2) > ¢ =1 on V.

eeN (v)
Similarly, if V' is scaled by § > 0, so V' — 0V := {dz: = € V}, where
the center of V' is taken as the origin, then ¢ is scaled into
By (X) := ey (x/5)

for any = € §V.
(3) Next, define for each V and V' the quadratic (k+ 1) x (k + 1) matrices:

Kl,m = /V(w(l))l(’l/)(nb))lp* de, Al,m = /\/VQS(Z) : v(775(771) dx,
and

Bim ¢:L¢(l)¢(7rb)0* dd, Bim ::/ b1y P (m) AX.
1% 1%

(4) Let T:= (1/VEk+1,...,1/VEk+1) € R¥1 and for any f € CkF!
denote
(3.3) fil:=f—(f- D)1,
where - is the standard inner product in CF+1,
The following lemma is elementary, but essential for our analysis.
LEMMA 3.1: The matrices A and A are nonnegative definite, and B and B are

strictly positive definite. In particular, there exist constants a* > 0, ol > 0,
af >0, and o® > 0, such that

1,25 p—— T - 1 - > > -
B4 SIAIP<f-AF <a¥lfIP FIfIP < J-AF < o |AdP
and

T 7o B| 7|2 L 2 g P B| 2
(3.5) S =B <a?lfff, ZFIfF < f-Bf <alf]

for all fe Ck+1, where f* denotes the complex conjugate off%.
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Proof. The non-negativity (resp. positivity) of A and A (resp. B and B) follows
from the corresponding definitions, while (3.4) and (3.5) follow from (3.1) and
(3.2). |

Let us introduce the following functionals on H*(V):
v .
(3.6) Tl = [P +aloP)emdo tfor =01
%
and for f € CF1 let us denote:

3.7) Ay p={g € H'(V): g(pe) = fe, e€ N(v) }.

LEMMA 3.2: Using the notations (3.6) and (3.7), we have for v = 0,1 that

T fl = wf T g

9eAy, 7

is attained by a unique function h, which solves the Dirichlet problem
(3.8) —h"+~4h=0 inVne, h(p.)=feforalleecN(v),

and satisfies Kirchhoff’s conditions

(3.9) > pihi(v) =0.

eeN (v)

Proof. The existence of minimizers u for T(‘)/ and TY, which satisfy (3.8) is
standard (see e.g. the proof in [5, Theorem 2, pp. 448-449]).

We need to prove that the minimizer u of 7: satisfies Kirchhoft’s derivatives
condition. To this end, let v € CZ(V) and 0 # € € R. Since u is a minimizer,
I,[u] < I,[u + ew], and therefore,

/_(u’w’ + yuw)p* df = 0.
v
By elliptic regularity u € C?(V Ne). Moreover, u is continuous in V. Recall
that p* is constant on each edge, therefore, —u + yu =0 on V Ne. Thus,

(3.10)

0= Z / (u'w' + yuw)p* db

€N (v) Ve
= Y swru] + X [ cw = u) Y )
eEN (v) Pe  eeN(v) Ve eeEN (v)
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v -V
The uniqueness of the minimizers of I, and I; follows since both are minima
of strictly convex functionals on the underlying domains. n

LEMMA 3.3: There exist BZ > 0 and 6§ > 0 such that for all § > 0

(3.11) Ty [f] = 671 B4 fLI)?
and
(3.12) T[] > 61 BB (LT + 02 f12).

Proof. In the following, we use the notations introduced in Lemma 3.2, and in
(3.6) and (3.7). Consider the case § = 1 first. Let {Fe} be the standard basis
vectors in C**!, where e € N'(v). Let h() € H*(V) be the unique minimizer of
73 [de]. By Lemma 3.2 it follows that

I:[ Z feh(e)} = Z fefe/ h’(e )+7h(e)h(€)]p de,

e€EN(v) e,eeN(v)

where each h(.) satisfies
— I(/e) + ey =0 in V, he (pe) =1, h(e (ps) =0 for all € # e.

Let v = 0. By Lemma 3.2, Jg| f] is attained uniquely by the harmonic function h
which solves the corresponding Dirichlet problem (and satisfies Kirchhoff’s con-
ditions). In particular, it depends only on f and the domain V. Since each so-
lution h satistying h(p.) = f. can be presented uniquely by h = ZeeN(u) feh(ey,
it follows that Jo[f] is a bilinear form. Clearly, it is a nonnegative k + 1 dimen-
sional form whose kernel contains only constant multiplicities of T for which the
unique solution of the Dirichlet problem is constant. Therefore, it is equivalent
to all nonnegative forms with such a kernel, and in particular, to | f Lf|2.

The proof for the case v = 1 is similar except for replacing the Laplace
operator by the operator —d2/d#2 + 1 and |fL1]2 by |f]2.

Now, if 6 < 1 and v = 0 we observe that the harmonic minimizers h . are
scaled into h()(-/d), and

1oy (/0! .5p*d0:5_1/h'e eptdo.
/W()(/)()(/) ek

For § < 1 and v = 1, we use similar scaling argument to obtain (3.12). ]
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We wish to prove now the analog of Lemma 3.3 for the N-dimensional case.
Consider the functionals

(313) Llali= [ (99 +9la?) dx
where v = 0,1. For all h € H'(V) and 0 < j < k we denote the average of h
on the section S; C 9V by

(3.14) P;(h) = |5—1J|/S hds

(see Section 2.3 (4)). For F' € C*! we define
(3.15) Ay p={9€H(V): Pi(9)=F; Vj=0,....k}.

LEMMA 3.4: Let F € Ck+1, Using the above notations, we have for v = 0,1
that
Jy[F] = inf I,[g]

QEAV’F

is attained by a function h, which is the unique solution of the problem

(3.16) —Ah+~h=0 inV, hEAvﬂF*,
and satisfies weakly the mixed boundary conditions
k
oh oh
(3.17) o 0 on GV\JL:JOSj and 5, —hi on S;,
where k; for j =0,...,k are uniquely determined constants.

Proof. The proof of (3.16) for the case v = 1 is standard. Indeed, let {w;}$2,
be a minimizing sequence satisfying lim; o I1[w;] = J1 [ﬁ] Then {w;}2, is
bounded in H'(V'). Therefore, there exists a subsequence {w;} and a function
v € Hy1(V) such that w; = v in HY(V).

Since Pj(f) is a continuous functional on H'(V) in the strong topology, it is
also continuous in the weak topology. In particular, AV7 7 is closed in the weak
topology of Hi(V) so v € Ay, z . The lower semicontinuity of I; implies that
I[v] = J1(F). Moreover, v is unique because I is convex.

It remains to prove that v satisfies the boundary conditions in (3.17). Since
it follows that

v is a minimizer in Ay, 5,
:

0:/(V1}~Vw+vw)dx:/ w@d§+/ w@ds,
A% AVA\UE_, 3, on Uk_,S; on
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for any w € AVB" The first term in the last expression is thus zero only

if dv/On = 0 on OV\ U?:o S; in the weak sense. Since the average of the
test function w is zero on each sector (Pj(w) = 0), the second term is zero if
O0v/dn = k; (in the weak sense) on S;. Finally, the multipliers x; are uniquely
determined due to the uniqueness of v for any F.

The proof of (3.17) for the case v = 0 is similar, except that we have to
prove the bound in L?(V) of the minimizing sequence. Since V is a bounded
Lipschitz domain, by [13, Theorem 5.5.1, and the remark in p. 286], the embed-
ding H' (V) — L*(V) is compact. Hence, the spectrum of Helmholtz operator
with the Neumann boundary condition for such domains is discrete. Its first
eigenvalue is 1, and is a simple eigenvalue corresponding to the constant ground
state. Hence, the Poincaré inequality

(3.18) /|v|2dx§A2_1/ IVo[2dx,
\4 \4

holds for all functions v perpendicular to the constant in H;(V'), where As is
the second eigenvalue of the Neumann Laplacian on V.

We now repeat the argument for the case v = 1, but restrict our domain to
the domain of all functions in v € AV’ 7 which are perpendicular to the constant.
The minimizer u obtained in this way satisfies Pj(u) = Fj + & for some k € R
and j € {0,...,k}. Thenu—r € A,z B

Let now § > 0, and set §V := {0x: x € V} the scaled inflated vertex, where
we assume (as usual) that the center of V' is in the origin. The sections of 6V
are scaled accordingly, and we denote them by §5;, 0 < j < k. We define,
correspondingly, the averaging operator on §5; for h € H*(6V):

1
1 P(h) = —— hd
(3.19) 3 () 6N—1|Sj|/53j s
and
(3.20) AL p={9€ H'(V): P)(9) = F; ¥j=0,....k} .

Using Lemma 3.4, the following lemma is proved analogously to the proof of
the second part of Lemma 3.3.

LEMMA 3.5: There exist 34 > 0 and 82 > 0 such that for all f € Af/ﬁ

(3.21) / IVf2dx > oV 284 FLT)?,
2%
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and

(3.22) /6V(|Vf|2 + [} dx > BE (0N 2|FLT)? + 6N F)?).

4. Discreteness of the spectrum on 77 and Ty

In this section we study the discreteness of the spectrum of width-weighted
operators on 77 and Schrodinger operators on Tl .

4.1. DISCRETENESS OF THE SPECTRUM FOR WEIGHTED OPERATORS ON Tj.
In [4], Carlson has shown that the spectrum of the Laplacian on a connected
metric graph G of finite volume which has a compact completion G is purely
discrete. Solomyak [23] has extended Carlson’s result to regular trees of a finite
radius R.

THEOREM 4.1 (Solomyak [23]): Let Ty be a radial tree such that R(T1) < oo and
its branching function is uniformly bounded. Let W (z) be a radially symmetric
measurable real valued function which is bounded below. Then the spectrum
of —A + W on Ty is purely discrete.

Outline of Solomyak’s proof. Solomyak constructed a family of weighted oper-
ators {Aw,} which are defined on the intervals [t,, R) C R, where t, is the
distance of a vertex v from the root O. The operators Ay, are defined as the
self adjoint operators in Lg (ty, R), associated with the quadratic form

R
(4.1) aw.plu] == /t (W' ()] + W) |u®)]*] gt) dt  u € C°(ty, R),

where g is the counting function. Using a decomposition of functions in H(7})
into symmetric functions on subtrees [15] (which implies the spectral decompo-
sition of the Laplacian to these operators), Solomyak showed the equivalence
between the discreteness of the spectrum of the Laplacian on 77 and the dis-
creteness of the spectrum of Ay, on [t,, R) for all vertices v € T;. Using a
theorem of Birman and Borzov [3] and a certain change of variables, it is then
shown that all the operators Ay, have discrete spectra. The proof of this part
relies on the monotonicity of the counting function g. n

The basic ingredient in Solomyak’s proof, namely the spectral decomposition
into the subspaces of functions which are symmetric on subtrees, still holds if
one adds weight functions which are symmetric in generations (see [15, 23] for
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details). The Schrédinger-type operators we consider in this section are defined
on the weighted tree T; and involve a pair of symmetric weight functions p., ps
and a symmetric potential W:

_ d du
4.2 La = — -1 o«— ,
(42) =y o (p dt)”‘”“

The spectral decomposition of faﬂ is obtained by reducing these operators to
the space of functions which are symmetric on all subtrees. The restriction of

Lo, to the symmetric subtree T, with a root v € T are obtained by the
quadratic form

R
(4.3) o, 8,W,0[u] :/t [0/ (D) pa + W () [u(t)[*ps] 9(t) dt,
and the associated operator in L ([ty, R)) is denoted by A, gww. To extend
the result of Solomyak to the weighted tree we should show that A, g w,, has
a discrete spectrum for each vertex v € T;. Even though (4.3) seems very close
to (4.1), the counting function g in (4.1) is replaced by gp and gpg in (4.3),
and these functions are not necessarily monotone. We prove the discreteness of

L 5 under the weaker condition that gp, and gpg are uniformly bounded from
below.

THEOREM 4.2: Let Ty be a one-dimensional tree, whose radius R is finite.
Assume that 0 < p < 1 is a symmetric weight function on Ty, that p, < p and
pp =< p are symmetric weight functions. Suppose that there exists a constant
C > 0 so that

(4.4) Cy(s)p(s) < g(t)p(t) foralls <t < R(Ty).

Then the spectrum of the width-weighted operator Ea, g on T} is purely discrete.
We use the following general lemma of Lewis.

LEMMA 4.3 ([11, Lemma 1]): Let D be a domain in RY. Let h be a strictly
positive symmetric closed form whose domain Hy (D) is dense in the Hilbert
space L2 (D) for a positive weight function w on D.

Suppose that D is the union of an increasing sequence of open sets {D;}, for
which the identity injection i; : Hy(D;) — L2(D;) is compact. If there is a
positive-valued function p(x) on D and a sequence of positive numbers €; — 0
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as j — oo such that

—1

w(z)p(x)”" <¢e; for almost every x € D\Dj,

and

(4.5) / p(z)|u(z)|*de < hlu,u] for all u € Hy,
D\D;

then the selfadjoint operator on L? (D) associated with the Friedrichs’ extension
of h has a purely discrete spectrum.

Remark 4.4: Lemma 4.3 deals with operators defined on a subspace of L2 (D),
where D is a domain in RY, but the lemma can be easily extended to manifolds
and trees of the type considered in the present paper. Indeed, we use the lemma
for operators on 17 and T7;.

Proof of Theorem 4.2. We only need to show that for any v € T} the operator
Aq g,w,e associated with (4.3) has a discrete spectrum. Evidently, it is enough
to show it for v = O. For this, we use Lemma 4.3 with the quadratic form
h = aq,3 on L/Q)g = L?((0,R),pgdt). We set D = [0,R), D; = [0,¢;). We

denote
(o) = L0
(R—10])
Since 0 < p < 1 and gp satisfies (4.4), it follows that p satisfies the assumptions
of Lemma 4.3. By our assumptions p, < pg < p, therefore, it is sufficient to
prove that for all u € C3([0, R)) and 0 < j < R we have

R R
t/p@m@ﬁwsc/|ﬂmwwmmw.
J 0

In fact, for any j <0 < R

| [
Then

/jRp(G)Iu(9)|2d9</R|R 0p(0 )MR|U'(<)|2dg] do
/J { / [/ |2d4 de
<5/

{/ pglu’ |2d4 do < C/ pglu'|*de . ]

<|R 9|/ [/ ()| dt.

:UIQ :UI
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4.2. DISCRETENESS OF THE SPECTRUM FOR OPERATORS ON Ty. As we have
mentioned, we are interested in spectral properties of Schrédinger operators on
the N-dimensional tree T5. It is well-known that the Laplacian on a compact
manifold with a smooth boundary, and with standard (regular) boundary con-
ditions has a pure point spectrum. However, since we wish to address also the
problem of the discreteness of the spectrum for nonsmooth trees with an infinite
volume, we cannot implement the classical theory. Instead, we use Lemma 4.3
to prove the discreteness of the spectrum of Schrédinger operator on T with
a finite radius.
First, we introduce the following definition.

Definition 4.5: A function f : Ty — R™ is called a piecewise C'-function if f
is continuous on T, and each generation of Ty can be decomposed into finitely
many piecewise C''-subdomains {2, }, such that on each closed subdomain Q,,
the function flg is C*.

Recall Definition 2.3 of the straightened tree T. By Corollary 2.4, we can
assign Tn a global coordinate system to the tree, namely (S,6), where § € Q
and 6 € [0, R) We pose the following assumption.

ASSUMPTIONS 4.6: There exists a piecewise C!-diffeomorphism G : Ty — Tn.
We denote by F its inverse, so that, F : Tn — Tn. Denote by J the Jacobian
of 7. We assume that there is a constant C' > 0 such that

iy )
(4.6) ’%’ <C Y(9) e,
(47) 0< J(g, 91) < CJ(g, 92) Vo, < 6.

We have in mind the following two-dimensional example.

Example 4.7: Let T be a two-dimensional binary symmetric tree constructed
by gluing rectangles and triangles (see Figure 4). Assume further (for simplifi-
cation) that the length of a rectangle in generation j is r/ and its width is d/,
where 7,d € (0,1). Clearly, T5 can be embedded in R? to avoid overlapping of
the edges. Notice that such a tree may have an infinite area (though its radius is
finite). Indeed, the area of such a tree is given by >°°% [(2dr)? + 3d*] for some
constant 3, hence for any choice of r < 1,d < 1 such that rd > 1/2, the area
is infinite. Let us denote by P; the pentagon constructed by gluing a rectangle
and triangle in the j generation, and by P;; for [ = 1,2 its partition into two
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Figure 4. The transformation of T5 to fg.

symmetric quadrangles. We assume that the coordinates of the vertices of the
quadrangle P;;, (%1,q,%2,4) for a = 1,...,4, are given (up to translations) by
(0,0), (d7,0), (d&7,77), (0,77 + cd’) respectively for a constant c.

Let p = (R — 1)/R, where R is the radius of the original tree (p is chosen such
that 3372 p’ = R). In particular, r < p < 1. A transformation of a rectangle
whose vertices are at (0,0), (1/27,0), (1/27,p7),(0,p’) onto P;; can be written

in the form

4 , o
x1(0,8) = (2d)’s and x3(6,s) = —=0+c—0 —c
p p

An elementary calculation shows that if d < p, then |0x2/00] < 1+ c¢. Note
that dz1/0s = (2d)’ is not bounded for d > 1/2, which means that the total
width of the tree is unbounded. However, the condition d > 1/2 ensures the
possibility of gluing together the connectors and the edges of this tree.

ASSUMPTIONS 4.8: Let V < 2% (0,1) be the first inflated vertex of the straight-
ened tree, where Sy := Q x {0}, §; = k~1/NQ x {1}, 1 < j < k the correspond-
ing sections. Let V' be the inflated vertex of a given tree T, and S; C 9V,
0 < j < k the corresponding sections. We assume that there exists a piecewise
C'-diffeomorphism F = F(5,0) : V — V so that F(S;) = S; for 0 < j < k,
and such that

%_;;‘ < C and 0< J(5,01) < CJ(5,62) iff <0,

hold on V for some C' > 0, where J is the Jacobian of F.
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Remark 4.9: Recall that the connectors (in both trees) are contractions of the
first connector. Moreover, since the inflated edges are always straightened, a
(piecewise) diffeomorphism for the corresponding inflated edges is clearly in-
duced by the (piecewise) diffeomorphism between the corresponding sections
S’j = S;. Hence, Assumptions 4.8 imply Assumptions 4.6. In particular, the
sequence of the lengths of the edges of T does not affect Assumptions 4.6.

THEOREM 4.10: Under Assumptions 4.6 (resp. Assumptions 4.8), the Laplace
operator on Ty as defined in Section 2.6, has a purely discrete spectrum.

Proof. Let G : Ty — Ty be the inverse mapping of F which is defined in
Assumptions 4.6. We assume for simplicity that G is a C''-smooth mapping. As
can be checked easily, the proof below applies also to a piecewise C'-mapping.

Set G(x) := (A(x),5(x)) € Ty. Denote by J the Jacobian of F. Let T ; C
Tn be the finite subtree

T :={(0,5) € Tn: 6 < 0},
where 0; / R, and R is the radius of Ty. Let
(4.8) TN, = f(TNJ),

and set
1

~ CRIR-0(x)|

We wish to use Lemma 4.3 with D; := Ty ;. This lemma requires the compact-
ness of the identity injection i) : H'(D;) — L*(D;). Although the boundary
of Dj = Ty ; is not C, this injection is still compact. Indeed, the embedding
i: HY(D) — L?(D) is compact for a bounded domain D which has the (inner)
cone property (see [13, Theorem 5.5.1], and the remark on p. 286 therein).

p(x):

By Lemma 4.3, it is sufficient to prove for the Laplacian that

(4.9) / PP < | 1vupax

TN

for all u € C*(T) that vanish on the ‘top’ of Ty and outside Tly,; for some
j > 1. Let u be such a test function, and let v(6,s) = u(x). Then

2
dd.

R 2 R
ov N ov
2 2
. = = — < — —
(4.10) u(x)[? = [v(9,9)| ‘/9 (wdﬁ‘ <R 9|/9 >
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Using the definition of the function p, (4.6), (4.7), (4.10), and Fubini’s theo-

rem, we obtain,

(4.11) /TN\TNJ p(x)|u(x)*dx = /TN\:fN,]- (8, 8)|0(6,5)|2Tde
o el 15
< w15
/ /C’R(/G ‘Jsﬂdﬁ)dsde
L
<ol w5
S/T |Vu|2dx.

Since (4.9) is satisfied, the spectrum of the Laplacian on Ty is purely

dﬂ) Jd¢

) J(s,0)dsdd

2
=1 J(s, ﬂ)dﬁds) 0

dx

discrete. [ |

Remark 4.11: 1. A similar proof applies for a Schrodinger operator on T with
a bounded from below potential.

2. It would be very useful to prove the discreteness of the spectrum of Schro-
dinger operators on T without using the straightened tree.

4.3. FURTHER RESULTS. In this subsection we present two lemmas asserting
that the L?-norm of functions which are bounded in Hg , (T1) and in Hy(T)
is concentrated on compact sets. These lemmas will be used in Section 6. Their
proofs are similar to those of Theorems 4.2 and 4.10, and therefore they are

omitted.

LEMMA 4.12: Assume that T satisfies the assumptions of Theorem 4.2. Sup-
pose that there exists a weight function 0 < p < 1, which is constant on
each edge of Th, such that p < p, and p < pg with a constant c. Denote

T1; = {gen(e) < j}.



306 Y. PINCHOVER, G. WOLANSKY AND D. ZELIG Isr. J. Math.

(1) Let R(j) be the radius of the maximal (connected) subtree in Ty\T1 ;.
Then

2
c .
/ lul?ps df < ER(j)Q [W'[*pa d  Vu € Hj, (T4).
T\Ty,;

T
(2) Let V° :=Uyer, V' (v). Then

/_ lul?ps df < O(E)/ u'[’pad Vu € Hp, (Th).
V* T

LEMMA 4.13: Assume that T satisfies the assumptions of Theorem 4.10.
(1) Let T ; as defined in (4.8), and let R(j) := R — ;. Then

(4.12) / lu(x)|* dx < C2R(j)2/ |Vul>dx  Vu € H}(Ty).
TN\TNJ'

Tn

(2) Let V° :=U,cp, V°(v). Then

(4.13) / lu(x)|* dx < O(e) /T |Vul?dx Vu € Hy(TS).

5. Convergence of the spectra of width-weighted operators

In this section we estimate the eigenvalues of the width-weighted operators
on Ty (defined in Section 2.6), for the case where the weight functions and
the potential depend on e, and pointwise converge as € tends to 0. We treat
the weight functions and potential term as convergent sequences of functions
of . Hence, throughout this section we set ¢ := 1/n, where n € N, and
denote the weights and potentials by pa.n,psn and W,. Accordingly, the
corresponding operators are denoted by A, g, or A, for short. We assume
that p, » and pg, converge to a mutual weight function, which we denote by
p. We denote by W the limit potential of the sequence W,. We also treat
the spaces {Hj ,,(T1)} == {Hol,pg,n(Tl)} as a spaces sequence, with a “limiting
space” Hg ,(T1). Let {L7(T1)}o, and L2(T1) be the corresponding L? spaces.
Using this notation, we study the asymptotic behavior of the eigenvalues of A,
as n — o0o.

Throughout this section we assume that the following conditions are satisfied:

ASSUMPTIONS 5.1: (1) Ty has a finite radius.
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(2) Assumptions on the weight functions: {p;,}°2; and {p2,}5>,
are positive bounded weight functions sequences in L{ (%), such that
p1n < p and pa2, < p with the same constant ¢ (so the spaces Hol,n(Tl)
and Hol, ,(T1) are equivalent for all n € N). Moreover, for any neigh-
borhood U containing all the vertices of 77 and a given compact set
K & Ty, we have p1 ,, = p2,, = pin (T1 NK)\ U for all sufficiently large
n.

(3) Assumptions on the potential terms: {Wy, ,}22, is a sequence
of real valued radially symmetric potentials on 77, for which there ex-
ists a positive constant Cyy such that Wz, »[re (1) < Cw. Moreover,

(T1)) to a po-

tential W, which satisfies |W |z (1) < Cw. Without loss of generality,

we assume that Wp, , > 1 for all n € N.

o'} : 1
{Wry n}nZy converges almost surely (and hence in L, .

Under Assumptions 5.1, we show that the eigenvalues of the operators A,
converge, as n — 00, to the eigenvalues of the limit operator A. Here the
operators A, are defined by the quadratic forms on H}(Ty) x H(T1):

(5.1) (Antt, B = / (W& 91+ Wy i o),
T

while the limit operator A is defined, similarly, by
(5.2) (Au, @) ::/ (u'@' + Wug)pdt.
T

This result is stated in Corollary 5.4. Notice that since p is constant on each
edge, the difference between the derivatives part of A and the Laplacian is
manifested by the Kirchhoff condition.

In order to prove the convergence of the spectrum, we need the following
lemmas, whose proofs are given later.

LEMMA 5.2: For n € N, consider operators A,, of the form (5.1) which satisfy
Assumptions 5.1. Let {u,} C Hg ,(T1) be a sequence of normalized eigenfunc-
tions of A,, which converges weakly in Hol, p(Tl) to u. Let A, be the sequence
of corresponding eigenvalues of A,,. If lim, ..o A\, = A, then Au = Au, and
u # 0 is an eigenfunction of the operator A defined in (5.2) with eigenvalue \.
Moreover, {un,} also converges locally uniformly to u.
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LEMMA 5.3: Consider operators A, and A,, for n € N, of the form (5.1) and
(5.2) respectively which satisfy Assumptions 5.1. Assume also that

A,;l : Li(TI) — Hol,p(Tl)

have uniform bounded norms. Suppose that u # 0, and Au = M in L2(T}). For
each n € N, let w,, be the solution of the equation A,w, = Au in L%(Tl). Then
{w,} has subsequence that we continue denoting by {w,,}, which converges to
u weakly in Hj ,(Ty) and strongly in L2(T1). Moreover, {wy} also converges
locally uniformly to u.

THEOREM 5.4: Let {p1 o}, {p2.n}S>, and {Wr, »,}32, be sequences of
weight functions and potentials on T satisfying Assumptions 5.1. Assume,
in addition, that {Wp, ,}22, are continuous functions and that {p1,,}52, and
{p2.n 152, equal p except, at most, for O(|e;j|/n) neighborhoods of vertices in
generation j. Let a sequence of operators A,, and a limit operator A be defined
by (5.1) and (5.2) respectively. We denote by A, the m-th eigenvalue of A,
and by A, the m-th eigenvalue of A. Then

Hm Ay = Am.

n—oo
Proof. We adapt Attouch’s proof of [2, Theorem 3.71]. Since p1, < p and
p2,n =< p with a positive constant ¢, and |Wy, | and |W/| are bounded by Cyy,
we have for all u # 0 that the Rayleigh quotients satisfy

(5.3)
Ry (u) : (A, w)n S, (WP P10 + Wy n[ul®p2,n) A6 < 2iAuy) +2¢2C
n = = > W
(u, u)n Jr, 1wl p2,n d0 (u,u)p
and similarly
(Apu,u)p > 1 (Au,u) ZLC’W.
<u7u>n c? <ua U>P c?

Fix [ € N, by the min-max principle we obtain

1
2

(5.4) ()\l — QCw) < )‘lﬂt < 02()\1 + QCw),

50, {A\1,n} is a bounded sequence. Therefore, there exists a subsequence of {\; ,,}
(that we keep denoting by {\;,}), and Xl € R such that A\, ,, — Xl.

We claim that there exists an eigenfunction u; such that Au; = Xlﬂl, ie.,
{XZ} C {);}. Indeed, let {u;} be the orthonormal sequence of eigenfunctions
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of A,, that correspond to {A;,}. We assume that ||u; ||, = 1. Then

| (ul,n) |2p1,n df = /T ()\l,n - WT1,7L)|Ul,n|2p2,n dé < )\l,n + CW
1

T
It follows that {u;,} is bounded in H017 o The weak sequential compactness im-
plies that {u;,} has a subsequence {u;,} which converges weakly in H& p(Tl).
We denote its limit by %;. By Lemma 5.2, u; # 0, Au; = N, and the conver-
gence is locally uniform. In particular, {Xl} C {);}. Moreover, (5.4) implies
that {\;} is an infinite sequence, and since {\;} C {\;}, we have lim;_, o N = .
Let us now show that {\;} C {Xl} Assume that there exists an eigenvalue A
of A such that A\ # )Tl for all [ € N, and let u be a corresponding eigenfunction
of A such that [[ul[z2 = 1.

Take m € N such that A < Xmﬂ for all limit values Xerl of the sequence

{Am+1.n}- Set Up p = span{ui n, ..., Un,n}. By the min-max principle,
>\m+1,n = vénUlil’n Rn(v);

where R, is defined in (5.3). Therefore, if we could find v, € Uy}, satisfying
lim R, (v,) < A,

n—oo

then we would arrive to a contradiction of the assumption A < /):erl.

Let w, be the solutions of the problem A,w, = Au. The assumption
W, » > 1 implies that A, 1 are uniformly bounded, so {wy} is a bounded se-
quence in L%(Tl). By Lemma 5.3, up to a subsequence, {wy,} converges to u,
weakly in H& p(Tl), strongly in Li(Tl), and also locally uniformly.

Let us show that lim,, oo Rp(w,) = A:

(55) (Anwn; wn)n = A(“; wn)n = )\/ [umn(pln - P) + u(mn - U)p] dt + A

T

Since
2
‘ / T (pam — p) dt] = Jeoall3:
T

(p2m—p) | p2.n — |
[ ol (222
T P P L2

Lebesgue’s dominated convergence theorem implies that the first term of the
right-hand side of (5.5) converges to zero, while the second term tends to zero
due to the L2(Ty) convergence of {wy,} to u. Therefore,

(5.6) lim (A, wp, wp)n = A

n—oo
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Moreover,
(5.7)  {wn, wa)n = /T [(lwal? = [u)pz + [u*(p2,n — p) + luf0] dt.
1

The first terms in (5.7) converges to zero due to the strong convergence of wy,
to w in L2(T1). Indeed,

[ Gnt? = ) pz,ndt\ < lwn —ullgs [ +ul s
o Pn Pn
<C Hwn - u”Lg Hwn + u”Lg .

The second term in (5.7) converges to zero by Lebesgue’s dominated convergence
theorem. Hence, (5.6) and (5.7) imply that

(5.8) lim Ry (wy) = .
Define m
Up = Wn — Z<wn; Uk,n>nuk,n-
k=1

Fix 1 < k < m, and let Uy be a weak limit of u . It follows (as above) that
(5.9) lim (wn, Ukn)n = M (wp, k), = (u, Ug) p-

By the first part of the proof, uy, is an eigenfunction of A, and by our assumption,
its eigenvalue is not equal to A. Therefore, (u, ), = 0 and by (5.9),

(5.10) lim (wp, Uk, n)n = 0.

That implies that {v,} and {w,} share the same L?-limit .
Using (5.6) and (5.10), a direct calculation yields that

hm <An’Un,’Un>n = )\ a,nd hm <’Un,’l)n>n = 1.

Hence
lim R,(v,) = lim Ry,(w,) =\
By the definition of v,, we have (v,,ugn)rn = 0 for all k = 1,...,m. Hence,

the min-max principle implies that Ry, (vy,) > Am41,n. Therefore, A > Xerl for
some limit value A, 11, which contradicts the assumption A < min{\,,+1}. |

Remark 5.5: Let {un}p>y € Hj ,(T1) N C'(Ty) be a sequence which converges
weakly to u in Hj ,(T1). Tt follows that {u,} is locally a bounded and equicon-
tinuous sequence in C(7T}). By Arzela—Ascoli’s theorem, {u,}52; has a subse-
quence that converges locally uniformly to a continuous function .
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Proof of Lemma 5.2. By Remark 5.5, {u,,} has a subsequence which we con-
tinue denoting by {u,}, that converges locally uniformly to u which is contin-
uous on 7. We claim: (1) u € Dom(A), (2) Au = Au and (3) w # 0. The first
two claims follow provided we prove

(5.11) /T(u'$+wua)pd9:A/ uppdf Vo € C(Ty).

T

Since {u,} are eigenfunctions of A,,, for each test function ¢ € C}(T1),

(512) / (U;lapl,n + WTl,nunapQ,n) df = / )\nunapln dé.
T

T

By Lebesgue’s theorem applied to p1,,, and the H&p bound of u,,
(5.13)

T
T

2

n—oo n—oo

_ 2

< tim [ | le=Pen) dH/ ul,|2pd6 = 0.
T P T

The weak convergence of {uy} to u in Hj ,(T1) implies that

(5.14) lim u,@pdd = [ u'¢'pded.
n—oo Jp T
By similar arguments, the local uniform convergence of {u,} to u, and the
almost sure convergence of Wr, 5, and pa ,, it follows that

lim A, / unapgm do = )\/ ugpdf, and
(5.15) T n T
lim [ W qundpe,,dd = [ Wugpdd.
n=oe T
Now, (5.12)~(5.15) imply (5.11).

In order to show that w # 0, let Ty ,, = {e € T1: gen(e) < k}, and let R(k) be
the maximal radius of subtrees in T3\T1 ;. Recall that {u,} are eigenfunctions
satisfying ||uy|| HY (1) = 1, the corresponding eigenvalues sequence {\,} con-
verges, the potential terms {W,,} are bounded by a constant Cy for all n € N|
and p1,, < p X pa,n. Therefore, using (5.13) and the arguments that eigenfunc-
tions has L2(T1) and H}(T1) norms of the same order, we infer that there exist
7,0 > 0 so that, for n large enough, |lun|[r2(r,) =7 > 0 and [Juy, [ 22(1,) < 0.
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Therefore, by Lemma 4.12 (1) we have that

[ tuaPods = [ unPodo— [ pufpds
T T Ti\T1,k

2
> / P00 — SR [ [y P0d6
T C T

> — 553(1@2
2705 :

Now, choose k large enough such that v—d[cR(k)]?/C > 0. By the local uniform
convergence of u,, to u, we obtain

2
0<y— 6C—R(kz) < lim un|*pdf = / lu|?pdf < / lu|? pd6.
¢ Tk T

n—oo T1 e

Therefore, u # 0, and u is an eigenfunction of A. |

Proof of Lemma 5.3. Since Au = Au and A is invertible, it is sufficient to prove
that Aw = Av (and in particular that w is in the domain of A). But this is
equivalent to

(5.16) (Aw, ¢) = (Au, ¢)

for any function ¢ in a dense subset of Hg ,(T%). Recall that w € Hg ,(T7) and
(Aw, ¢) is defined by (5.2). Let us split the quadratic form (5.2) into

(Aw, ¢) = (Aw, )V + (Aw, )@,

where
(5.17) (Aw,qﬁ)(l) ::/ w'¢ pdt, (Aw,qﬁ)@) = Wwep dt.
Tl Tl

Similarly, (5.1) is written as
(Anw, 6),, = (Anw, 9)) + (Anw, 0),7,

where
(5.18) (Apw, gV ::/ W@ pindt, (Aw, ) = [ Wwdp,, dt.
T1 Tl

Let ®(T1) be the set of all functions ¢ € C3(T) which are constant in some
neighborhood of any vertex v € T7.
We further observe
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(1) For any ¢ € ®(T1) and sufficiently large n, qﬁ/ = 0 whenever py,, # p or
p2.n 7 p by Assumption 5.1 (2). Hence, for a given ¢ € ®(T)

<An'wna ¢>$L1) = <Awna ¢>(1)a

for all sufficiently large n.
(2) Since w is the weak limit of wy, in Hj ,(T}) it follows by (1) that

lim <Anwn7¢>511) = lim <Awna ¢>(1) = (Aw7¢>(1)

n—oo

(3) By Assumptions 5.1 and the strong convergence of w, to w in L2(T})
we obtain

lim (Anwn, 6 = (Aw, ).
(4) By (2) and (3) we obtain

n—oo

for any ¢ € ®(T1).
(5) Since Aj,w, = Au = Au by assumption we obtain

<Anwn7 ¢>n = A(“a ¢>n = <A’U,, ¢>n

Since pp,1 — p in measure, it follows that
<Awa ¢> = nlggo<Anwna ¢>n = )‘<u7 ¢>p = <Aua ¢>

So, (5.16) is proved for any ¢ € ®(T1). The proof is completed by observing
that ®(T1) is clearly dense in Hj ,(T1). B

6. c-dependent bounds for the eigenvalues of N-dimensional tree
In this section we consider the spectrum of the Schrédinger operator
L.:=—-A+ WTzfl

on T%;, where N is dimension of the tree, and WT]@ is a continuous bounded
potential on T%5;. Without loss of generality, we assume that Wre > 0.

We prove that the eigenvalues of L. are bounded from above and below by
functions ¢g,, ¢ of the eigenvalues of weighted operators A. on T of the form

1 d d
(61) As = *pT,E@<pa,6@) + WT1757
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for a suitable choice of weight functions p, ., p»,. and a potential W, . on Ty
of the form

e Wrpe (6,s)ds —
los T 008 e T(e),

Zee_/\/(v) be"/}(e) (9) 0 € VE (U))
where be = (|Q2))7" [ Wrs (pE,8)ds, pE = V" (v) Ne is the end point of

V*(v) corresponding to e € N(v), and {#(e)} is the partition of unity in a
neighborhood of the vertex v defined in Section 3. The functions ¢g, and ¢%

(6.2) Wr, £(0) ==

converge to the identity function as € tends to zero.

6.1. RAYLEIGH QUOTIENTS OF SCHRODINGER OPERATOR ON Tj AND T%,. The
comparison between the Rayleigh quotients on 77 and 7% involves the con-
struction of transformations Q° : Hg ,.(Th) — Hy(Tg) and P : Hy(Tg) —
Hj - (T1), where p* : Ty — R is defined by p*(0) := 5§N_1)|Qe| for 6 € e. We
devote the following two subsections for the definitions of these transformations
and their properties.

6.1.1. The mapping Q° : Hy ,.(T1) — Hy(Tx). Given a function f € Hj - (T1)
and a vertex v, we denote by f¢ = f(pS) and f& = {fteenw)- Q°(f) is defined
as follows:

f(6) x = (0,s) € E*,

Deen) fedly x€V(v),

where {fbfe)} is a partition of unity of V¢(v) as defined in Section 3. We denote
Q(f) == Q*(f). We also define

(6.4 o0 =1" O E (e)
. Pl = max{g—%,g—g}p* 0eV (v),

(6.3) Q (NHx) =

where a?, ﬂz, oP and ﬁE are defined in Section 3 and Lemma 3.1.

LEMMA 6.1: There exists ¢ > 0 such that for any f € Hj ,.(T1) and 0 < e < 1,
we have

(1) Q°(f) € L*(TR)

(2) [re VQ(f)I?dx < eWN=U [ |f 2, d6 . Moreover, Q°(f) € HY(T5,).
(3) Jre 1Q°(/)2dx = ™71 [ (|2 = cel f'[2)p* df.

(4) Jpe Wrg |Q°(H)P dx < eN7Y [ (W o[£ + O(e)|£]7)p* .
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Proof. (1) We denote a normalized connector V := (¢8)~'V" (v), where
§ =8, = 0%(¥) corresponds to the vertex v in question, and

(6.5) F(6) == f(%) P () = p*(%)

are the representation of f and p* in V (here # = 0 corresponds to v).

/EIQg |2dxf/ / |dsdo—/EE(55)<N*1>|Q€|\f|2d9
=0 [ g

For the connector V¢, we have by Lemma 3.1 that

/ ()P dx = (6)™ / QU dx < ()N a?| 2.
Ve \%

By Lemma 3.3 and since § < 1, we have that

. §)NaB ~ .
(0)¥a |12 < ;m)—j‘;g LaFE+17m5 ao

S(N=1) B

< [ er? <1y ao.

In particular, we proved

66) IR UMz <ULz, )+ I, iy
Q

(2)

/ IVQE(f)Ide:/ |f’|2dx:/ / |f’|2dsd9:s<N*1>/ P o,
E= E¢ E° Jae B

For V¢ we use similar considerations to those used in part 1:

- =

/ VQ° ()2 dx = (5)V / VQ()|? dx = (c8) N2 FAf*
Ve \%

< (=6} 20 fLT?
(e6)(N=2) o4 119 %
5(1\[ ) / |f| p*do

So, Q°(f) € HY(T%) by definition (6.4).

I /\
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(3) By Lemma 4.12,
[ @wracs | QP ax =¥ [ |72y as
T3 T, V@) U. B

=0 [ yppprag -0 [ ipppas
T U, V°(w)

>0 [ pppran - [ 7R as
T T

The proof of (4) is a simple extension of (6.6). |

COROLLARY 6.2: There exists a constant ¢ > 0 such that for all f € Hg - (T1)
and 0 < ¢ sufficiently small, the Rayleigh quotients

(V@ DP + W [Q(DP) dx
Ry 1) |Q°f] == T 1@ TP dx )

and

R [f] L fT1(|f9|2PZQ+WT1,€|f|2p*)d9
Ho.pr (T Jr, 12070

satisfy the inequality

(1+ 0(5))RH37P* ) f]

(6.7) Ryyrg)Q°f] < 1—ceRyy  (rylf]

Remark 6.3: Notice that R H (Ty) [f] depends on € and is the Rayleigh quotient
o
of the width-weighted operator A. defined in (6.1), substituting pa.c = pg and

Pbe = p*.
6.1.2. The mapping P* : Hy(Ty) — Hg ,-(T1). Given a function u € Hg(T5),
a vertex v and edges e € N(v), we denote

1
Ue *

= m Q u(piv S) ds, U= Uy = {Ue}eev(v) ’
e S

where pg = V" (v) N e are the end points of V' (v). Define
Joe u(0,s)ds 0 c EE

(63) P(u)(8) = { _ .
ZeGV(v) ’U,e’l/)fe) (9) geV,
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where {1)(¢)} is the partition of unity in a neighborhood of the vertex v defined
in Section 3. We also define
(6:9) )= 1" e
. PRA7) = min{i—%,g—g}p* GV .
LEMMA 6.4: There exists ¢ > 0 such that for any u € H}(T%) and 0 < ¢
sufficiently small, we have

(1) Pe(u) € L/21* (Th).

(2) eN=-1 Iz, (Peu) [2p5d0 < [, |Vu[?dx. In particular, P*(u) €

N
H&ﬁp* (Th).
(3) eW=1 [ |Pu?p*df > [, [(1 — V&)|u|? — cg|Vul?] dx.
1 N
(4) eN=-1 Ir, Wr, | Peul?p* df < fov (142V&)(Wre |ul?* + O(e)|Vul?) dx.

Proof. Throughout the proof we denote u(x) = u (dex) for x € V, where § =
8, = 08°2(") corresponds to the vertex v € V (so, ed0x € V¢). Similarly, u(6,s) =
u (0,e6s) for (,s) € E x Q (so, (0,e6s) € E).

(1) For each edge E°,
2

1
V-1 ﬁ |Peul?p* df = ﬁ Q% || Peul? df = [ 1] / u(f,s)ds| do
E° E° E° Q2] Joe
< /_ / (6, 5)[2dsdd :/ (6, )| 2.
E° e Ee
Using Lemma 3.1, we obtain for the connector V¢
gN-1) /7 |Peul?p* df = e Z uemﬂ¢(e)¢(é)p* do
v e,eeN(v) v
= eNsaB(0)* < (e6)NaPi)?.
By Lemma 3.5, and assuming § < 1, we obtain
N _B|~2 f ~12 ~12 f 2 2
(e0) a”d]” < (e6)" =5 [ (IVul* + [ul) dx < —% (leVul* + |ul?) dx.
B Jv BE Jye
(2) For an edge E° we have
(6.10)
_ /2 _ 1 oud,s) . |?
(N 1)/ pPE ‘ *d9 = (N 1)/ 274 *46
€ u) | p € s| p
7 (Pru) B |19°] Jo- 00

2
:/ ||~ </ Mds> d@g/ [Vul® dx.
ES e 00 Ee
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For V¢, we have by Lemma 3.1 and (6.8)
(6.11)

L(N-1) /
VE

712
Py [ a0 =<0 S e [ iy a0

e,6EN (v)

= V=25 17A(7)* < (e6) N DA g 1]

IN

(N=-2) at ~12
(€0) 5 |Vu|© dx
v

A
= Z—A/ |Vu|* dx.
VE

(3) In the edges E°, we use the same argument as in [22]. By the inequality
(6.12) (a+ D) > (1 - Va)a? — 1/,
we have that

V-1 /ES|P€u|2p* dé

/|P€u|2dsd9—/ |u+ (Pu —u)|* ds dd

/—/ 1_ e)lu(d,s)[* 75|P8u—u(9,s)|2}dsd9

Y /@ /Q (1—Ve)|u(8,s)]* - %waf a(o,s)ﬂdsdo.

Notice that for each 6 we have that Pu(f) — u(f,s) has average zero on {.
By Poincaré inequality in H!(Q), there exists a constant D > 0 such that
Jo|Pu—ul*ds < D [, |Vu|*ds and hence,

5<N*1>/ |Pul?p*dd > W /_ / 17 Ve)lu(o,s)?

——D u 2
ZZDIVa(,9) }dsde

:/ [(1 — VAl - 53/2D|Vu|2} dx
Therefore,

/u o Va)lul? = e¥2D|Vul?] dx < s<N*1)/ p*|[P=ul? 6.

Ty
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On the other hand, by Lemma 4.13,

[ o= veuE-SrowaPacs [ (- Bl ax
U, VE(v) U, Ve(v)

<ece(l-— \/E)/ |Vul? dx.
Ty

Summing the last two inequalities, we obtain the proof of part 3.
(4) Since

E(Nfl)/ Wr, | Peul?p* df = / Wre | Peul® ds df,
E° Ee
it is sufficient to prove for the edges that
/ Wire [Poul? ds 6 < / (14 2v2) Wi [uf? + O(e)|Vul?) dx.
EE EE

Using (6.12), we have that

319

1
/WT;V|u|2dx2(1—\/E)/ WT;V|P€u|2dsd0——/ Wi |u—P?ul® ds 6.
Ee E= \/E Ee

Therefore, if 0 < € < 1 is small enough so that 1 < (1 —+/2)(1 + 24/€), then by

Poincaré inequality, there exists a constant D such that
(6.13)

/ Wre |Peul® ds df
EE

1
§(1+2ﬁ){/ WT;V|u|2dx+—/ WT;V|uP€u|2}dsd9
Ee \/E Ee

§(1+2\@)/ WT;|U|2dx+CW(1+2ﬁ)i/ /|177P17|2(55)(N_1)dsd9
Ee Ve Jee o

(€9)®

Ve Jg-

< (1+2v%) WTIaV|u|2dx+O(€3/2)/ |Vu|? dx.
Ee= Ee

<(1+2v8) | Wrg|ul? dx + CwD(1 + 2V/2) |Vsul? dsdf
EE

For the connectors we obtain by Lemma 4.12 and part 2,

712
s<N—1>/ Wy e|Peul?prdf < N Cw (Pau)‘ p*do
U, V()

T

<eCw |Vu|2 dx
TS

which, together with (6.13), yields the proof of part 4. |
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COROLLARY 6.5: For all € > 0 sufficiently small, there exists a constant ¢ > 0
such that the Rayleigh quotients

S, (1P=0)' s + W, o Poulpr ) a6

RHé,p* () [Pfu] ==

le |u|?p*db ’
and
- (|Vul? + Wre |ul?)dx
Ry rg)lul = Jrs e
N fT]% |ul2dx
satisfy
[1+ O(Ve) Ry (g [u]

6.14 R Peu) < 0N Yu € HY(TS).
(6.14) o [P < 2 B v HY(TR)

Remark 6.6: Notice that R H . (Th) [Pfu] is the Rayleigh quotient of the width-
P
weighted operator A, defined in (6.1), substituting p,.. = p% and pp = p*.

6.2. T1-BASED ESTIMATES FOR THE SPECTRUM ON T5,. Rubinstein and Schatz-
man have proved the following general lemma [22].

LEMMA 6.7: Let A; be bounded below, self adjoint operators defined on Hilbert
spaces H;, where j = 0,1, and let {\,(A;)} be the nondecreasing sequence
of the corresponding eigenvalues. Denote by D; the domain of the maximal
quadratic form associated with A; and by R; the Rayleigh quotient associated
with A;. Suppose that there exists a continuous linear operator S mapping D
to Do and an increasing function ¢ : R — R U {400} such that exp(—¢) is
continuous, and

Ro(Su) < ¢(R1(u)) Yu € Dy \ ker(S).

Assume that for a given m,

(6.15) p = 1inf{R;(v): v € Dy Nker(S),v # 0} > A (41).
Then

Using Lemma 6.7, we obtain bounds for the eigenvalues of T5;. Let v;, denotes
the m-th eigenvalue of the Schrédinger operator

LE = 7A+WTJEV .
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Denote the operators

1 d d 1 d d
A ;z———(a—) Wr, o, A ::———(f—) Wi, |
Q p* do de9 + Ti,e P p* de de9 + Ti,e
and let g, (resp., A7,) be the m-th eigenvalue of Ay, (resp., A%). We will omit

the superscript € in 5, 15, and AS, whenever there is no danger of confusion.

THEOREM 6.8: Using the notations above, for all M € N there exist epy > 0
and a constant ¢ > 0 such that for all m < M and 0 < € < )7, we have

(6.17) an S ¢22(an)
and
(6.18) X < 05(05,).
where
Qte)r 0 < (ce)™! (1+ce)x 11—
Pgla) =4 1 ) $o(z) = { TVee TS T
oo otherwise, +00 otherwise.

Proof of Theorem 6.8. Without loss of generality, we assume that Wy, is posi-

tive. In order to prove (6.17), we wish to apply Lemma 6.7 on S = Q°, Dy =

H&(Tf{l), D1 = H(},p* (Tl),AQ = LE7A1 = AZQ s RQ = RH%(T]?I), and R1 =

RH& . (1)~ We, therefore, show that there exists C' > 0 such that for any € > 0
Ng

(6.19) inf{RHé’P* aylf]: fekerQ®, f#0} >1/(Ce%).

Indeed,

ker Q° {feHg,p*(Tl);f(e)o V@eTl\UVE}.

Therefore, in order to estimate Ry () [f] for f € ker(Q°), we actually need
P

to estimate this quotient in each component Vne. However, we have that

0 , 2 0 ,
|f<9>|2=\ [ <w o [ 1P,
pe pe

where pf € V. Multiplying the above by p* (which, we recall, is constant on
each component VN e), we find the existence of C' > 0 such that

[
[ upra< [ (|p€9| [ |2p*dz9)desc¥ |1 as
Ve Ve pe Ve
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Thus, (6.19) is verified provided ¢ is sufficiently large. Hence, (6.17) follows
from Corollary 6.2 and Lemma 6.7.

In order to prove (6.18), we wish to apply Lemma 6.7 to S = P®, Dy =
H&p*(Tl) Dy = H}(TS), Ao = A%, Ay = L, Ry = RH1 () and Ry =
RH&(TE) To this end, we show that there exists C' > 0 such that for any € > 0

(6.20) inf{Rp(re)[ul : u€ker P°, u#0} >1/(Ce).

We notice that if u € ker P¢, then its averages on the cross sections €25 of
E5 vanish. Therefore, using the (N — 1)-dimensional Poincaré inequality for
functions whose average is zero, we obtain that there is a constant D such that:

/ |u|2dsd9§D52(N’1)/_/ |Vul*ds df
E= E° e

(6.21)
< D52<N*1>/ (IVl? + W [ul?) ds dé.
EE

By Lemma 4.13, there exists C' > 0 such that for any u € H (T%)
(6.22) / luf2 dx < cg/ (IVul? + W [uf?) dx
U, Ve(w) X

Therefore, (6.21) and (6.22) imply (6.20). Thus, (6.18) follows by Corollary 6.5
and Lemma 6.7. ]

Remark 6.9: Theorem 6.8 is similar to [22, Theorem 5] proved for a finite graph
with a constant-width thin domain.

THEOREM 6.10: For each m € N, the m-th eigenvalue of the Schrédinger op-
erator L. on H}(TS) converges as e — 0 to the m-th eigenvalue of the limit
width-weighted operator A on Hg(T}).

Proof. We use in this proof the notation of Theorem 6.8. Notice that for small
enough ¢, ¢f, and ¢% are continuous monotone increasing function, which satisty

lim 65 () =, lim 6(x) = .

e—0

Moreover, since the operators we refer to in Theorem 6.8 satisfy the conditions
of Theorem 5.4, we have for each m € N that both ug, and A, (see (6.17) and
(6.18)) converge as ¢ — 0 to the m-th eigenvalue of the limit width-weighted
operator A. Since A has a discrete spectrum, the result follows. |
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7. Convergence of eigenfunctions of Laplace operator on T,

In [7, 8], Kosugi has proved that the solutions of Au+ f(u) = 0 in thin network-
shaped bounded domains that satisfy Neumann boundary condition, converge to
solutions of appropriate equations on the skeleton of the domain. In [7], Kosugi
deals only with domains which are formed by joining straight tubes around some
graph, while in [8] the results are extended to general domains around graphs.
However, trees with infinite number of vertices and nonsmooth boundaries are
not considered in these papers. Using the transformation P¢ developed for
Theorem 6.5, we give a simple proof for the convergence of projections into
H&*(Tl) of eigenfunctions u. of the Laplace operator on H{(T%). Specifically,
we show in Theorem 7.2 that P°u. converges to eigenfunctions of the following
limit width-weighted operator on T}

s\ —1 w, ! '
L.u = (p*) (p u ) .
First, we need to prove the following lemma.

LEMMA 7.1: Assume that u € Hg(T%) satisfies lull a2z = eN=1)/2,

Fix a vertex v, and denote by p. the ‘end point’ in s ﬂEa(e). Then there is a
constant C' which depends on v but is independent on ¢ such that for e, é € N (v)
we have

(7.1) [PPu(pe) — Pru(pe)| < C/dist(pe, pe)
where dist(-, ) is the standard distance function on Tj.

Proof. Notice that since C(T%) is dense in Hg (T%,), we may assume without
loss of generality that u € C1(Tg). Let ¢,7 € V' Ne. By (6.11),

2 2

7d 1 [ d
|Peu(q) — Pou(r)]? = / @(Pau)de §dist(q,r);/ —O(Pau) p*do
el=N QA
< dist(q,r ——/ Vu|*dsdd
(q,7) e Vil |
cl-N A
< dist(q,7)— ﬁ—Astl < Cdist(q,r)
Pe

for some constant C. Therefore, |Peu(p.) — Peu(pe)| < 2C+/dist(pe, pe). |

THEOREM 7.2: Let u. € H}(T§) be an eigenfunction with eigenvalue \. of
the Laplace operator on T, such that |[uc|p2(rg) = e "1/2 Assume that
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lime_g Ac = X*. Then there exists an eigenfunction uv* of L, which corresponds
to \*, such that up to a subsequence,

u* = lim Pu,
e—0

locally uniformly.

Proof. By elliptic regularity, u. € C?(T%). Our proof consists of three steps.

STEP 1: Let us show that P°u. converges to a solution u* of 32772‘ = A\*u on
each edge of e € Tj.

By parts 2 and 4 of Lemma 6.4 (with W = 1), we obtain that Pu. are
uniformly bounded in H, 1(71). This implies, in particular, that P°u. are
uniformly locally bounded in L*°(T7). In addition, (up to a subsequence)
lim. .o P°u. = u* holds locally uniformly by Arzela-Ascoli’s theorem. Fix an
edge e € Ty, and 61,02 € e. Let ¢(0) € C§°([01,02]). If € > 0 is sufficiently

small, then 61,60, € E. Therefore,

02 02 1
/0 Puc(8)C" (0)d9 :/9 o (/Q ug(ﬁ,s)ds> ¢"(6) df
1 b2
- m//e u.(0,8)AC(6) db ds

02
= 7|$€| /5/9 VU€(07S) . VC(G)des

A 0
— e // ue(0,)C(0) dO ds
|Q€| € Jo,
02

=\ /0 Peu(0)C(0) df.

Hence, Pfu. € H?([61,602]) and —(P°u.)” = A.P°u. in the weak sense and
by elliptic regularity also in the strong sense. Moreover Pfu. is C'*° in E .
Since A; — A* and P®u. — u* uniformly on e, the second derivatives (Pu)”
converge uniformly to (u*)”, which also implies the same convergence for the
first derivatives (Pfu.)’.

STEP 2: We show now that u* is in the domain of L,. For this, we must only
show that u* satisfies the corresponding Kirchhoff’s conditions. The continuity
at the vertices is satisfied by Lemma 7.1. The second Kirchhoff condition is
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given by
> prul(v) =
eeN (v)
where N(v) is the set of all edges adjacent to the vertex v. Recall that pf =
5§N71)|Q€| takes a constant value on each edge e.

Let U C Ty be a neighborhood of the vertex v which contains no other vertex,
and let 6, € AU be the point of U contained in e € N'(v). Let U* C T be
the inflation of U, that is, U = U® NT}. In particular, for sufficiently small e
we have

Ut = U naTy) |J S,
eeN (v)
where Se = {s : (0,s) € E¢(e)}. Let (. € C>°(U®) be a function which does
not depend on s in the edges, satisfies (. (x) = 1 forall z € V=(v), 0 < {(x) <1
for all x € U®, and vanishes around each S.. Since u. is an eigenfunction, we
have

)\E/ ue(e dx = / Vu. - V(. dx —|—/ Vue - V(. dx
e a(ﬂ)

Us()\Ve(v)

— / ue déc 4 0.
UE (v)\VE(v) 89 de

As (. depends only on 6 on U®(v)\V¢(v) and equals one at p., we get

/ Oue dg}d a0
U= (v)\Ve(v) 06 do

151
_ |QE|/ OP*u: d¢.

v 00 dé
o | OP%u. Oe .
72 —— > 0| 2o + [ (P
cEN(v) Pe
OPcu, Oe .
- = Z |Q(€a|[ 90 (pe)iAs/ Pu€<€d9:|
eeN (v) Pe
OPfu,
—= % T ueC. dx
eeN (v) Us(v)\Ve(v)

The change of order of integration and differentiation in the first line of (7.2)
is easily justified by approximating u. with a smooth function. We therefore
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obtain that

0Pu
> ) = A [ udax
eeN (v) Ve(v)

N we arrive at the estimate

1/2
Scsl_NEN/2)\E(/ ug(x) dx)
Ve (v)

:c)\ssl/Q.

and since |VE(v)| = ce

@3 | Y

e€N (v)

Letting € — 0, we obtain by Step 1 that the left hand side of (7.3) converges to

Y peup) (v)

eEN (v)

and the right hand side to zero.

STEP 3: It remains to prove that u* # 0. Let Ty ; denote the j first generations
in Txy. By Lemmas 6.4 and 4.12 there are constants ¢,C’ > 0 and a function
R(j) which tends to zero as j — oo such that

L(N-1) /
T

|Pu?p*df = e VY / |Pu?p*dg — eV -1 / |Peu.|?p*df
T Ti\Th,;

2

2
_ c
> (1—e)eW1 —ex eV - V7]

2
c .
ERUV)‘E} .

R(j)*Ae™N Y
=V-1 {(1 —VE) — chee —

Choose € > 0 small enough and j large enough so that
(1 —\e) — chee —

for a constant y > 0. Then [}, |Puc|[*p*df > v > 0. By the local uniform
J
convergence of P°u. to u* we have that

ju*[?p* b > /
Tr T

1,5

|u*|?p* d§ = Hn%/ |Peuc|?p*df > v > 0,
E— Tl,j

so, u* # 0. |
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